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\% \% \%
O(215) = 35 — 555 (215) + 3755 (21:5)° ~ 0.05472V, C(0) = 35 ~ 0.06667V/, and
C(30) = V. L(30) + = 4 (30)% ~ 0.05659V, so the absolute minimum is C'(21.5) ~ 0.05472V
15 900 38,700 e ’ AR '
(d) As in part (c), we have C'(t) = v Lt—l— v ,s0C(t) = f(t)+49(t) <
PATA), =15 900’ T 38700" g v
vV v V o, V.V Voo, v y=f0+g
— R t v ‘
15 900 b+ 38,700 15 450 b+ 12,900 “ 15 \ \:
/
1 1 11 1/900 43 y=C()
t2 _ =t — — — t= ——— = — = 21.5.
<12,900 38,700) (450 900> < 2/38,700 2 g o
0 21,5 30 ¢

This is the value of ¢ that we obtained as the critical number of C' in part (c), so we

have verified the result of (a) in this case.

33. (a) Let F'(t fo s) ds. Then, by FTC1, F'(t) = f(t) = rate of depreciation, so F'(t) represents the loss in value over the

interval [0, t].

(b) C(t {A + / f(s ds} = —F() represents the average expenditure per unit of ¢ during the interval [0, ¢],
assuming that there has been only one overhaul during that time period. The company wants to minimize average
expenditure.

(©) C(¥) [A—i—/ f(s ].UsingFTCl,wehaveC’( ———[A+/ f(s ds]—i— f(@).

CH)=0 = tf(t) A+/f s:»f:%[,u/f ] ).

5.5 The Substitution Rule

1. Letu = —x. Then du = — dz, so dx = — du. Thus, [e™"dz = [e"(—du) = —e* + C = —e~* + C. Don’t forget that it
is often very easy to check an indefinite integration by differentiating your answer. In this case,

i(—e’w +C) = —[e"(—1)] = e™ %, the desired result.

dx
2. Letu = 2 + z*. Then du = 42% dz and 2% dz = idu,
32 45d _ 5 1d _1u6 C = 1 2 4\6 C
so [ a°(24+a2%) de= [ uw (5 u)_Zf—i— =242 +C.
3. Letw = 2% + 1. Then du = 3z% dz and 2% dx = % du, so

/ 23+ 1 dm—/\/_ 1“—+C=%~§u3/2+0=%(:v3+1)3/2+0.

4. Letu = 1 — 6t. Then du = —6dt and dt = —% du, so

dt —Ldu 4 lu 1 1
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. Letu = cosf. Then du = —sin6df and sin 6 df = —du, so

4
/cos39 siné?dé?:/u3 (—du) = —UZ +C=—1tcos®0+C.

. Letwu = 1/x. Then du = —1/2® dx and 1/2* dz = —du, so

/Secx(l/x) dx_/sec u(—du) = —tanu+ C = —tan (1/z) + C

. Letu = 2”. Then du = 2z dz and x dz = % du, so [zsin(z®)dz = [ sinu(} du) = —3 cosu + C = —1 cos(z”) + C.
. Letu = 2® + 5. Then du = 32® dz and 2° dz = 3 du, so
[a*(@®+5)°de = [v® (3du) =3 Hu'® +C =52 +5)"° +C.
. Letu = 3z — 2. Then du = 3dz and dz = % du, so [(3x—2)*°dx = [v*® (2 du) = - v +C = H(3z—2)*" +C.

Let u = 3t + 2. Then du = 3 dt and dt = 5 du, so

Jetroa= v -

Letu = mt. Then du = wdt and dt = < du, so [ sinwtdt = [sinu (£ du) = L(—cosu) + C = —L cosnt + C.

1 3.4
57 TO= Bttt

Wl

Letu = €”. Then du = €” dz, so [ € cos(e”) dx = [ cosudu = sinu + C = sin(e”) 4 C.
2
Let u = Inz. Then du = dx—x,so/%dx: [u?du=tu®+C=1i(nz)’+C.

Let u = 2° 4+ 1. Then du = 2z dx and zdz = 1 du, so

A N S D A it e St DS St S
/(I2+1)2dac—/u (3du) =12 u+C_2u+C_2(I2+1)+C'

Letu = 5 — 3z. Then du = —3dz and dz = —3 du, so

dx 1
/5_3z :/—(_%du):—%ln|u|—|—0:—%ln|5—31‘|—|—c.

1 1
Letu = . Th = — 2duy = —
etu = /7. Then du NG dz and 2 du \/de, SO

/Slrs/\_/a_cdx:/sinu@du):—2cosu+C:—2cos\/5+C’.
x

Let u = 3ax + bx®. Then du = (3a + 3bz?) dz = 3(a + bax?) dz, so

a—l—b:r %du_l _1/2 1 2 2 3
m 23 u du = 3 -2u” + C = 3/ 3az + bx® + C.
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Letw = 2% + 1. Then du = 322 dz and%du:z2 dz, so
i L 1 1 3

Letu =1+ e”. Thendu = e” dz,s0 [e*y/I+er dr = [Judu=2u*?+C = 2(1+¢")*? + C.
Or: Letu = /T + e®. Then u? = 1 + €® and 2udu = €° dz, so

[e'VT+erde = [u-2udu=32u’+C = %(1—]—696)3/24-0.

Let u = 26. Then du = 2d6f and df = %du, )

newline [ sec26 tan 26 df = fsecutanu(% du) = %secu—i—C’ = %sec%?—i—C.

—1
Letu:sinx.Thendu:cosxdw,so/ cos2x dx:/%du:/uddu:u_—1+C’:f%+C’:f !

sin” x sinx

[or —cscx + C'].

dx tan~ ' u? (tan~' x)?
Letu = tan™ ' z. Th, = Z dr= == an v Lo
etu = tan™ " x. Then du 1+502’SO/1+:52 dx /udu 5 +C 5 +C

Let u = #* + 3. Then du = (32” + 3) dz and 1 du = (2° + 1) dz, so

[(@®+1)(2® +32) de = [u* (du) =% 1u’ + C = L(2®+32)>+C.

Letu = Inx. Then du = (1/z) dzx, so/sm(glc—nx)d:c:fsinudu: —cosu+ C = —cos(lnz) + C.

Let u = cot z. Then du = — csc? x dz and csc? x dx = —du, so
u3/?
Veotzesc?zdr = | Vu(—du) = ——— + C = —2(cot 2)*/? + C.
3/2 3
s ™ 1 1
Letu = —. Then du = —— dx and — dx = —— du, so
T 2 2 T

cos(m/x) do — [ cosu —ldu :_lsinwc:_lsinﬁ +C
2 T T ™ xr

bt

dx
dr,s0 [ ————
V1 — 22 /vl—:ﬁsin’lm

Let u = sin~ ' z. Then du = :/%duzln\u\—l—C:ln|Sin_lx|+C.

Let w = 1 + tant. Then du = sec? t dt, so

dt sec? tdt du —1/2 ul/?
= = [ —==[u du = +C =2+1+tant+ C.
/COSZt\/1+tant V1+tant Vu / 1/2

Let u = sec x. Then du = secx tan x dx, so

fsec?’m tanmdw:fseczm(sec:r tanx)dw:fuzdu: %u?’—‘—C: %sec?’a:—i—C.
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Letu = 2+ 2. Then du = dz, z = u — 2, and 2 = (u — 2)?, s0

[2®V2Fzdr= [(u—2)*Vudu= [(u® —4u+4)u?du = [(u®/? — 4u*? + 4u/?) du

=207 B L B 4 O = 224 2) " - 22+ 0)" + B2+ 2)2 4 C

Letu = 2z + 5. Then du = 2dz and z = % (u — 5), so

Jx2z+5)dr= [ 1(u—5)ud(3 3 [ —5u®) du

1 10
(1—()“ -

du) =
+C=2%02x+5)"°—222+5)°+C

~—

uQ

N
©olut

x

Letu =e* + 1. Thendu:exdx,so/ c
efE

du T
+1dxf/7fln|u|+0—ln(e +1)+C.

Mdm =2 wdm = 2]. Let u = cosx. Then du = — sin x dx, so
1+ cos?2x 1+ cos?2x
udu 1 2 2 2

Or: Letu =1+ cos? z.

Let u = cosz. Then du = — sin x dx and sin x dx = —du, so
Si¢dx— —du = —tan 'u+ C = —tan '(cosz) + C
1+cos2z | 14u2 - '

Letw = 1+ 2. Then du = 2x dz, so

14+ x 1 T —1 %du —1 1
/1+m2d:c:/mdac+/mdx:tan :v—l—/ " =tan "z + 5Influ| +C

=tan 'z + %ln‘1+x2| +C’:tan_1x+%ln(1+x2) +C [since 1+ 22 > 0].

1
Edu

14+ u2

Let u = 22, Then du = 2z dz, so / S :/ =1tan 'u+C = Ltan"'(2%) + C.

14 24

—

fx)=z(x* 1> wu=2°-1 = du=_2xdr, so

F

Jo(2® —1)%de = [v*(3du) = tu*+C=3(z> - 1)'+C
-2 2

Where f is positive (negative), F' is increasing (decreasing). Where f f
changes from negative to positive (positive to negative), F" has a local —
minimum (maximum).
f(0) =tan®0 sec’® 0. u =tan® = du = sec®db, so 2

ftan20sec20d9:fu2du:%us—i—C:%tangG—{—C

-1.1 \ L1
Note that f is positive and F' is increasing. Atz = 0, f = 0 and F' has a |f J

horizontal tangent.
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flx) =€*®*"sinx. u=cosz = du= —sinzdz,so 2
Je' (—du) = —€e" +C = —e*®" + C 0( { 1
Note that at z = 7, f changes from positive to negative and F has a local F

maximum. Also, both f and F’ are periodic with period 27, so at z = 0 and

at z = 2m, f changes from negative to positive and F’ has a local minimum.

f(x) =sinzcos*z. u=cosz = du= —sinzdz,so 0.3
. f
[sinzcos*zdr = [u* (—du) = —2tu’ + C = -1 cos’z + C
0
Note that at x = 7, f changes from positive to negative and F' has a local o
maximum. Also, both f and F' are periodic with period 27, so at z = 0 and
—0.3

at x = 2m, f changes from negative to positive and F" has a local minimum.
Letu = §i,s0du = 5 dt. Whent = 0, u = 0; whent = 1, u = 7. Thus,
fo cos(mt/2) dt = fo cosu (2du) = 2 [sinu]]/® = 2 (sinZ —sin0) = 2(1 - 0) = 2
Letu =3t —1,s0du = 3dt. Whent =0, u = —1; whent = 1, u = 2. Thus,
Jo Bt =10 dt = 2w (3du) = 3 [Fo”']2, = 55 2 - (-1 = 3z (2 + 1)

Letu =1+ T7x,s0du =T7dx. Whenx =0, v = 1; whenx = 1, u = 8. Thus,

/01\3/14-—7xdm:/ ut/3(L du) = ;[

1

Letu = 22, so du = 2z dz. When z = 0, w = 0; when z = v/, w = . Thus,
foﬁx cos(z?) d = [ cosu (5 du) = 5 [sinu]; = 3(sinm —sin0) = 5(0 —0) = 0.

Letw = 1+ 22°, so du = 622 dz. When z = 0, w = 1; when x = 1, v = 3. Thus,

f01gg2(1—|—2:1:) dr = ( du):%[lu6]3:i(36_16) (729_1)_728:158);2.

Letu = mt, so du = wdt. Whent = &, u = Z; whent = 1, u = Z. Thus

f1/6 cscmt cot mt dt = f:/; cscu cotu (£ du) = %[—cscu]: 2= —i1-2)=1.

1
Letu = \/z,80 du = ——=dx. Whenz = 1,u = 1; whenx = 4, u = 2.

2z
Thus, /14 \/f_ /12 e (2du) =2 [¢*] = 2(e% — o).

Letu = sinz, so du = coswdzx. Whenz = 0, v = 0; whenx = 7, u = 1. Thus,

fOW/Q ¢os x-sin(sin x)-dx-= fol sinudu,= [— cosu}(l] = —(eos1,.—1) =1 —cosl.

2= Y1) = 216 1) = £2

21

2
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49. ffgzl(a:?’ + x* tan ) dr = 0 by Theorem 6(b), since f(x) = x® + x* tan z is an odd function.

/2 2 : 5 .
5. /_ o xl _S:le? dx = 0 by Theorem 6(b), since f(z) = 3; _is_u;g is an odd function.

51. Letu =z — 1,sou+ 1 =z and du = dx. Whenz = 1, u = 0; when x = 2, u = 1. Thus,

2 1 1 1
/ wsc—ldw=/ (u+1>¢ﬂdu=/ (W +uM?) du = [26* + 20*?] =242 18
1 0 0 0
52. Assume a > 0. Letu = a? — 22, so du = —2x dz. When x = 0, u = a?; when z = a, u = 0. Thus,

a2

a a2
[feva? =22 de = [u'/?(~tdu) = L[ u?du=1- [%us/ﬂ = 1d°.

0

53. Letu = €* + z,s0 du = (€* + 1) dz. When z = 0, u = 1; when z = 1, u = e + 1. Thus,

1 =z e+1 e+1
/ ¢ +1dz:/ Sau= ] =nle+ 1]~ 1] = Ine +1).
0 €2tz 1 U 1

dx
V1 —z2

54, Letu = sin~ ' z, so du = . Whenz = 0, u = 0; when z = 3, u = Z. Thus,

/1/2 sin~ !z e ﬂ-/ﬁudu— |:u_2:|7"/6 2
0 \/1—£Z72 0 2

0
dﬂ: 4
55. Letu = Inx,sodu = —. Whenx = e, u = 1; when x = e¢*; u = 4. Thus,
T
4
4

c dx * —1/2 1/2
/e zvInx /1 1 ( )

56. Letu = %—a,sodu: 2%rdt. Whent:O,u:—a;whent:%,u:w—a. Thus,

/2 (omt e T T S T
/0 SIH(T - a) dt = /_ sinu (% du) = 5= [—cosu]” © = —%[COS(TF —a) — cos(—a)]

[e3

T T
= ——(—cosa — cosa) = 7%(—2cosa) = —cosa

27

1
2z

i 1 (11 117
2

57. Letu = 1 + /x,s0 du =

dr = 2\/zdu=dz = 2(u—1)du=dx. Whenz =0,u = 1; whenz =1,

u = 2. Thus,

58. If f(x) = sin /z, then f(—z) = sin &/—z = sin(—/z ) = —sin ¢z = —f(z), so f is an odd function. Now

I=[° sin Yxde = [?,sin yzda+ [} sin Yz de =11 + Lo, Iy = 0by Theorem 6(b). To estimate I, note that



442

59.

60.

61.

62.

63.

64.

0 CHAPTERS5 INTEGRALS

2<2<3 = V2<Yr<VBx144] = 0< Yo <Z [~157] = sin0<sin Jz <sinZ [since sine is
increasing on this interval] = 0 < sin /z < 1. By comparison property 8, 0(3 —2) < [, < 1(3—-2) =

0<I,<1 = 0LIL1.

First write the integral as a sum of two integrals:

I= [ (z+3Vi—22de =D +1= " ovV/E—22de+ [*,3VA— 2% dz. I, = 0 by Theorem 6(b), since

f(x) = /4 — 22 is an odd function and we are integrating from = = —2 to 2 = 2. We interpret /5 as three times the area of

a semicircle with radius 2,so0/ =0+ 3 - (7r 22) = 6.

Let u = 2%, Then du = 2z dx and the limits are unchanged (0 = 0 and 12 = 1), so
I= 01 V1 —xtdx = % fol v/1 — u? du. But this integral can be interpreted as the area of a quarter-circle with radius 1.
Sol=3-%(m-1%) = im

First Figure Letu = /7,50 ¢ = u? and dz = 2udu. When z = 0, w = 0; when = 1, u = 1. Thus,

fol ‘/_d:c—fo (2u du) —2f0 ue” du.
Second Figure A = fol 2re” dor = 2 fol ue du.
Third Figure Letu = sinz, so du = coswdx. Whenz = 0, u = 0; whenx = 7, v = 1. Thus,

As = [P e gin2zde = [7/% ™7 (2sinz cosz) do = fo (2udu) = 2f0 ue" du.

0 0

Since A1 = Ay = Asg, all three areas are equal.

it s
Letu = B Then du = B dt and

= t= . = .18si
/ (t)dt / [ cos( )] / ( cosu) ( u) [ U sin u} o

f [(85 - 27 — 0) — (0 — 0)] = 2040 keal

The rate is measured in liters per minute. Integrating from ¢ = 0 minutes to ¢ = 60 minutes will give us the total amount of oil

that leaks out (in liters) during the first hour.
[0r(tydt= [7°100e7"M dt  [u = —0.01t,du = —0.01d¢]
=100, *%"(~100 du) = —10,000 [¢*] " = ~10,000(e ™" — 1) ~ 4511.9 ~ 4512 liters
Let r(t) = ae® with a = 450.268 and b = 1.12567, and n(t) = population after ¢ hours. Since r(t) = n/(t),
I 03 r(t) dt = n(3) — n(0) is the total change in the population after three hours. Since we start with 400 bacteria, the
population will be
n(3) =400 + [ r(t) dt = 400 + [ ae” dt = 400 + 3 [e"]] = 400+ 7 (e — 1)

~ 400 + 11,313 = 11,713 bacteria
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The volume of inhaled air in the lungs at time ¢ is

t t 1 20 27t/5 1 5 )
; f(u)du = /O 3 sin(? u) du = /0 3 sin v (% dv) [substitute v = 2w, dv = 2= du]

7r 2 .
= % [— Cos v]i t/5 4i [ cos<2?7rt> + 1] = % [1 — cos(%t)} liters

Number of calculators = 2:(4) — x(2) = [, 5000 [1 — 100(¢ + 10)~?] dt

= 5000 [t +100(t + 10) '], = 5000 [(4 + %) — (2 + 12)] ~ 4048
Let u = 2z. Then du = 2dz, so [ f(2z)dz = [} f(u)(% du) = L [} f(u)du = 1(10) = 5.
Let u = %, Then du = 2z dx, so f03 rf(2?)dx = fog f(u)(3du) = %fog f(w)du=1(4) =2.

Let w = —x. Then du = —dx, so

- y
¥ F(ea)da = [0 Fla)(—du) = [ Flu)du= [ f(x)da J\ /\

From the diagram, we see that the equality follows from the fact that we are

reflecting the graph of f, and the limits of integration, about the y-axis. —b —a0| a b ¥

Letu = x + c¢. Then du = dx, so y Y= 40 y=f()

From the diagram, we see that the equality follows from the fact that we are

translating the graph of f, and the limits of integration, by a distance c. 0 a li PR b + o x
— c —>
Letu=1—2. Thenx =1 — v and dx = —du, so
folm“(l —z)dr = flo (1 —u)* ub(—du) = folub(l —u)*du= [z°(1 —z)* dx.
(a) foﬂ/Qf(cos x)dr = foﬂ/zf[sin(g — x)] dx lu=% — z,du = —dzx]
= fﬁ/2f(smu fo f(sinw) du = fo f(sinz) dx

Continuity of f is needed in order to apply the substitution rule for definite integrals.
(b) In part (a), take f(z) = 22, so foﬂ/z cos’ xdx = fowm sin? x dz. Now

fow/2 cos® x dx + foﬁ/z sin® x dx = foﬁ/z(cos2 x +sin’z) dr = OW/21 dr = [x]g/Z =1z,

so2f0”/2c05233d9?:% = fo”/2c0s2xdx:§ {:fo”/zsiandx}.

443
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5.6 Integration by Parts

1. Letu =Inz, dv=2?de = du= %dx, v = %st. Then by Equation 2,

[a?Inzdr= (Inz)(32°) — [ (32°)(2) de =22 Ina — § [2°de = $2° Inz — L (32%) + C

= %m?’ Inx — éxs +C [or %x3(1nx — %) +C’]
2. Letu =0,dv =cosfdf = du = df,v=sinf. Then by Equation 2,
JOcosOdh =0sinf — [sinfdf =0sinb + cosd + C.

Note: A mnemonic device which is helpful for selecting w when using integration by parts is the LIATE principle of precedence for u:
Logarithmic
Inverse trigonometric
Algebraic
Trigonometric

Exponential

If the integrand has several factors, then we try to choose among them a « which appears as high as possible on the list. For example, in f ze®® dx
the integrand is 2z, which is the product of an algebraic function () and an exponential function (€%*). Since Algebraic appears before Exponential,
we choose u = x. Sometimes the integration turns out to be similar regardless of the selection of u and dw, but it is advisable to refer to LIATE when in
doubt.

3. Letu = x,dv = cosbrdr = du=dz,v= % sin bx. Then by Equation 2,

1

Jxcosbrdr = ¢

a:sin5a:ff%sin5md:c = %xsin5x+ %cos5x+0.

4 letu=z,dv=e"*dr = du=dr,v=—e*.
Then [ze " dz = —ze "+ [e Tdr=—ze * —e " +C=—(x+1)e*+C.

5. Letu =7,dv=e"?dr = du=dr,v=2e">
Then [re™/?dr = 2re™/? — [2e"/?dr = 2re™/? — 4e"/? + C = 2(r — 2)e’/? + C.

6. Letu =t, dv =sin2tdt = du=dt,v= —%coth. Then
ftsin2tdt:—%tcos2t+%fcos2tdt:—%tcos2t+isin2t+0.

7. Letu = 22, dv =sinmadr = du=2zxdrandv = —% cos mx. Then

I = fa:2 sinrrdr = — 122
us

V=1

T

cosmz + 2 [zcosTadr (x).NextletU =z, dV =costade = dU = dz,
1

s

1

sin Tz, so fxcosmvdx = =gsinwx — %f sinTr dr = —xsinmr + 7T%cosmc—}—C’l.

Substituting for [z cos 7z dx in (x), we get

2 2

I = f%x Ccos Tx + %(%xsinﬂz + w—12 cos X + Cl) = f%x cos X + %xsinwx + % cosmx + C, where C' = %Cl.
. 1
8. Letu = 2%, dv = cosmzxdr = du = 2xdx,v = —sinmz. Then
m
2 1 5 . 2 . .
I= [ 2" cosmxdr=—z" sinmx — — | xsinmzdr (x). NextletU = x,dV =sinmxdxr = dU = dz,
m m
1 . 1 1 1 1 .
V = ——cosmz,so | xsinmxdr = ——xcosmx + — [ cosmxdr = ——xcosmz + — sinmx + Ch.
m m m m m

Substituting for [ = sinma dz in (x), we get

1 5 . 1 1 . 1 5 . 2 2 .
[ = —x° sinmzx — — ——mcosmm+—251nm:c+(§’1 = —x 51nmm+—2mcosmx——3smmm+6’,
m m m m m m m

where C = —36’1.
m
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cLetu=In Yz, dv=dz = du—%(%

/ln%dwlen%—/x'%dmlen%—éx—i—C.

Second solution: Rewrite [In /z dx = 3 [ Inx dz, and apply Example 2.
Third solution: Substitute y = ¢/, to obtain [ In ¥z dz = 3 [ y* Iny dy, and apply Exercise 1.

:v2/3) dx = 1 dx, v = x. Then
3z

1
.Letu=1Inp,dv=p°dp = du=—dp,v=2p° Then [p°Inpdp=2p°Inp— 1 [p°dp=2p°Inp— Lp°+C.
p

4 4
. Letu = arctan4t,dv =dt = du= T+ (a0)? dt = T 162 dt, v =t. Then
/arctan4tdt:tarctanélt—/ﬁdt:tarctan4t—é/%dt:tarctanélt—%1n(1+16t2)—0—0.
Letu=sin"tz,dv=dr = du= _dv v = x. Then fsin_lscdac:acsin_1 —/de. Setting
’ V1I—a? V1—z?
t =1— 22 we getdt = —2xdx, so — _rde =— t_1/2(—%dt) = %(2t1/2)+C’:t1/2+C’: Vv1i—224+C.

V1—2?
Hence, [sin"'zdz = zsin™ 'z +v1—22+ C.

. First let u = sin30, dv = ¢’ df = du = 3cos30df, v = 2e*’. Then

N

= [e*’sin30df = 1e*’sin30 — 2 [ €** cos30df. Nextlet U = cos30,dV = e** df = dU = —3sin30d0,

V = 2e% to get [€* cos30d0 = $e*” cos 30 + 2 [ *” sin 30 df. Substituting in the previous formula gives

MI»—A

I = %620 sin 30 — %629 cos 360 — % f620 sin 30 df = %620 sin 30 — %629 cos 30 — %I =

LT = 1e%sin30 — 2€** cos 30 + C1. Hence, I= e’ (2sin 30 — 3 cos 30) + C, where C' = £C1.

. Firstletu = e %, dv =cos20df = du=—e?dh,v= % sin 260. Then

I=[e%cos20df = %e‘e sin29—f%sin29( —0 df) = L1e=96in20 + %fe_e sin 26 d#.

2

Nextlet U = e %, dV =sin20d) = dU = —e ?df, V = —1 cos26, so

fe_g sin20d0 = —1e% cos 260 — f(—%) coS 20(—e_0 do) = —Le7 90520 — 1 fe cos 260 d6.

2 2

Sol = %679 sin29+% [(—%679 COSZO) — %I] = % ¥sin20 — Le % cos 20 — %I =

I = % % sin 260 — % Ocos20+C, = 1= %(% % sin 20 — —6_9 cos29—|—01) = % sin29—%e‘0 cos 20 + C.

ot

.Letu =t dv =sin3tdt = du=dt,v= —%cos?)t. Then

Jot sin3tdt = [—3t cos?)t] + 3 [y cos3tdt = (37 —0) + é[sin?)t]g =I,
.Firstletu =22 + 1, dv = e ®dx = du=2xdz,v=—e *. By (6),

fol (2® +1)e “dz = [—(2° + 1)e_ﬂ(1) + f012sce_m de = —2e ' +1+ 2f01:ce_m dx.

NextletU =z,dV =e *dx = dU =dx,V = —e™". By (6) again,
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folxefm dz = [—:L‘efx](l) + fol e Tdr = —e '+ [—efx](l) = e t—et41=-2"1+1 S0

[l@?+1)e  de=—2e"+1+2(-2e " +1) =2 +1—-4e ' +2=—6e"" +3.

1
17. Letu = Inz, dv = v~ 2dx = du= —dz,v = —x *. By (6),
x

2

2 2
/ln:z: [_ln_x] —i—/ m_2dx:—%ln2+ln1+[—l} :—%ln2+0—%+1:%—%ln2.
T |, 1 T

1

1 1
18. Letu:lny,dv:Tdy:yfl/Qdy = du= =dy,v=2y"% Then
Y Y

9
/m—ydy:[z\/glnyr—/ 2y /2 dy = (6109 — 41n 4) [4[} = 6In9—4lnd — (12— 8)
4 \/5 4 4

—=6n9—4In4 — 4

19. Letu:y,dv:ed%ze_%dy = du:dy,vz—%e_zy. Then
1 y 1 1 1
/Tydy:[—%ye_Qy] +§/ ey = (~e 2 +0) 3] = de Pl pi=1 o2
0 € 0 o 0
20. Letu = arctan(1/z),dv =dx = du= . _—1da?— _—dz_ v = . Then
' - T Tl (/)2 22T 2241 '
V3 V3
/1 arctan(é) dxz[marctan(i)} Zgixlzx/_%—L%—i-%[ln(f—&—l)L
V3 w1 mv3 m™ 1.4 w3 7w 1
=———+-(In4d—-In2)=—— =+ -In-=————+-In2
6 12! )= “atalgT g —gtal
-1 dx
21. Letu = cos™ " x,dv = dx = du:—ﬁ,v:x. Then
—x

1/2 V2 pda 1

1/2
I = cos 'zdr = [zrcos ' + == 1,
/0 [ ]0 o VI—a2 2

e

3/4
-l—/ /2 [—3dt], wheret =1—2*> =
1

dt = —2wdz. Thus, [ = £+ 3 [} ¢ 2 dt =% + [VE], , = 5 +1- L = (v +6-3V3).
22, Letuzrz,dvz;dr = du=2rdr,v=+4-+12 By(6),
Vire v
Ly 2 /T2 | o [ /AT dr = vE - 2[4 )]
—dar = |7 +r} — /1" +redr = ——{ —+1r ]
/o V4 +r? [ 0 0 | ) 0

=V5-20)+3@®) =VE(1-)+ ¥ =2 -1V5

3

23 Letu= (Inx)®, dv=dr = du= % Inz dr, v =xz. By (6), [ = [}(Inz)*de = [w(lnx)Q]i
To evaluate the last integral, let U = Inx, dV =dx = dU = i dzx,V = x. Thus,

212 2 2 2 2

I = [z(Inz)?]] —2([$1nx]1 - /] dx) = [z(lnz)? — 2zInz 4 2z]]

= (2(In2)*> —4In2+4) — (0—0+2) =2(In2)* —4In2 +2
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31.
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Letu = sin(t — s), dv = e°ds = du = —cos(t — s)ds, v = e°. Then
¢

I= e Ssin(t — s)ds = [es sin(t — s)} + fotes cos(t — s)ds = e'sin0 — e®sint 4 I. For I, let U = cos(t — s),
0

dV =e*ds = dU =sin(t—s)ds,V =¢°.Sol, = ¢’ cos(t—s)] —foe sin(t — s)ds = e’ cos0 — e’ cost — I.
Thus, ] = —sint +e' —cost — 1 = 2[ =e' —cost —sint = I = 3(e' —cost—sint).
Lety = Vz, so that dy = % _1/2dm—ﬁd ydx. Thus, [ cosVzdr = [cosy (2ydy) =2 [ ycosydy. Now

use parts with u = y, dv = cosy dy, du = dy, v = siny to get [ ycosydy = ysiny — [sinydy = ysiny + cosy + Ci,
sofcosx/gda: = 2ysiny + 2cosy + C = 2Vzsin Vz + 2cos Vaz + C.

Let z = —t2, so that doz = —2t dt. Thus, ft?’eft2 dt = f(—t2)e*t2 (3)(—2tdt) = 3 [ xe” dz. Now use parts with
u=x,dv=e"dr,du=dxr,v=e"toget

3 [z’ dr = 3 (ze” — [ dx) = jaze” — 3"+ C = —3(1—x)e* +C = —%(1—1—152)(2*t2 +C.

JE

Let x = 62, so that dz = 26 df. Thus, /
NZIP)

parts with u = x, dv = cos x dx, du = dx, v = sin x to get

s s
1 _ 1 . T . _ 1 . ™
5/ TcosTdr = 3 ([ar:smav]w/2 / smxdaz) =3 [avsmar:—}—cosm]ﬂ/2
Uy T

/2 /2

JE -
6° cos(02) do = / 6° cos(92) -3(20d9) = % / x cos x dx. Now use
V2 /2

= 2(msinw + cosm) — 1 (

1(2sinZ +cosE)=2(m-0-1)—3(%2-140)=—

2 2
Let © = cost, so that dr = —sintdt. Thus,

[T e tsin2tdt = [ e**(2sint cost)dt = [[ ' e” - 2z (—dx) = 2 [T we” dx. Now use parts with u = z,

dv = e” dx,du:dx,v:extoget
2 [ ze® dzx =2 ([wem]l_l — [t da;) =2 (el +e ! - [em]l_l) =2e+et —[e —e M) =2(2e7t) = 4/e.
Lety = 1+ x, so that dy = dz. Thus, [2In(1 + z)dz = [(y — 1) Iny dy. Now use parts with w = Iny, dv = (y — 1) dy,
du = dy, v = 5y* — y to get
Jy=Dmydy= (30" —y)ny— [ (Fy—1)dy=3y(y = 2)Iny — 3y° +y+ C
=1(1+a)(z-Dn(l+z)—1(1+2)+1+z+C,
which can be written as 1 (z® — 1) In(1 + ) — 32° + 2z + 2 + C.
Let y = Inx, so that dy = idw = dx =xdy = eYdy. Thus,
[sin(lnz)dz = [sinye’dy = se¥(siny — cosy) + C' [by Example 4] = 1z[sin(lnz) — cos(Inz)] + C.

Letu=z,dv=e¢*dzx = du=dzr,v= —%6723:. Then 1
Jre®*de = —1xe * + [ e dx = —ize " — 17 + C. We ¥

.. . .. 1 3
see from the graph that this is reasonable, since F' has a minimum where f 7

changes from negative to positive. Also, F' increases where f is positive and

I decreases where f is negative.
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32. Letu=Ilnz,dv=2"%dz = du= %dx, v = %x5/2. Then

fx3/21nacda::

§x5/21nx— %fx3/2dm = §x5/21nac— (%)2$5/2 +C

2 5/2 4.5/2
sr” Ine — z27/7 + C

We see from the graph that this is reasonable, since F' has a minimum where

f changes from negative to positive.

33 Letu= 2%, dv=22V1+22dr = du=uxdz,v=32(1+2)>%2

Then

[2* V1 +22dx

= 12 [2004+)2] = 2 [2(1 +2%)*2da

= 12214222 —2.2. 114222+ C

2

%1'2(1 4 1'2)3/2 o 1_5(1 +.’132)5/2 + C

—4

We see from the graph that this is reasonable, since I’ increases where f is positive and I’ decreases where f is negative.

Note also that f is an odd function and F' is an even function.

Another method: Use substitution with u = 1 + 2% to get 2(1 + %)%/ — (1 + 2%)%/? + C.

34. Firstletu = 22, dv = sin2xdz = du=2zdz,v = —2 cos2x.

2

Then I = f:c2 sin 2z dx = —%:1:2 cos 2x + fxcos2;l: dx.

NextletU = z,dV = cos2zdr = dU =dz,V = 1sin2z, so

[wcos2zdr = Lasin2z — [ 1sin2zde = 2xsin2z + 1 cos2z + C.

Thus, I = —%x2 cos2x + %xsin2az + % cos2x + C.

—6

We see from the graph that this is reasonable, since I increases where f is positive and I decreases where f is negative.

Note also that f is an odd function and F’ is an even function.

35. (a) Taken:2inExample6toget/sin2;z:d:L‘: —%cosxsinx—l—l/ldx: % _ Sin2e + C.

2 4
(b) fsin4:cdx = —icosxsin3x+ % fsin2wdx = —%cosxsingx—i— %x - %Sin2m+0.
36. (a) Letu =cos" 'x,dv =cosxdr = du=—(n—1)cos" *z sinxdr,v=sinzin (2):

[ cos" xdx = cos" ' x sinz + (n—1) [ cos" *x sin® z dx

=cos" 'xsinz + (n—1)[ cos" *x (1 — cos® z)dx

=cos" 'xsinz+ (n—1)[cos" *xdr— (n—1)[ cos" zdz

Rearranging terms gives n [ cos” xdz = cos" 'z sinz + (n — 1) [ cos" ? z dx or

1 —1 . n—1 —92
/cos” rdr ==cos" "z sinz+ —— [ cos" “zdx
n n

(b) Take n = 2 in part (a) to get [ cos® zdx = % cosz sinz + 3 [1dz =

(c) [cos*zdx =

1 3
4

4
2

7 cos”x sin;z:—l—%fcosQ:z:dJ:: Leos® z sinx+%x+%sin2:¢+0

sin 2x

1 +C.
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n—1

1 _ _ .
37. (a) From Example 6, /sin" xdr = ——cosw sin" "z + /sin” % 2 dz. Using (6),

2 . _ /2 2
/2 cosz sin® 1 z]™ n—1 ™% .
sin"xzdr = |— + sin T dx
0 n 0 n 0

-1 /2 _ -1 /2 -
:(0—0)+n / sin" 2z dr = = / sin" "%z dx
0 0

n n

. . /2 . 3 2 rmw/2 . 2 /2 2

(b) Using n = 3 in part (a), we have ["/“sin’ zdz = 2 [/“sinzde = [-3 cosx]o =2
4 (/2 8

Usingn:5inpart(a),wehavefoﬂ/zsin‘r’xdx:3 N sinsmdx:§~§:—.

(c) The formula holds for n = 1 (that is, 2n + 1 = 3) by (b). Assume it holds for some £ > 1. Then

/2 2. 4-6----- (2k)
. 2k+1
= .ByE le 6
/o sin rdx 3557 2kt D) y Example 6,

T 2k+3 T 2%+3 3.5-7----- (2k 4+ 1)

246 (2R)[2(k+1)]
35T Ck+1D)[2(k+1)+1]

™/2 ™/2 A G
/ sin?* T3 pdx = 2k +2 / sin?* ™ pdx = 2k +2 2-4-6 (2F)
0 0

so the formula holds for n = k + 1. By induction, the formula holds for all n > 1.

38. Using Exercise 37(a), we see that the formula holds for n = 1, because foﬂ/Q sin? ¢ dz = % Oﬂ/2 ldz = % [:c ] 3/2 = % .

NE

-3-5.-.-- 2k—-1) = .
5 1.6 @F 2 By Exercise 37(a),

/2 1
Now assume it holds for some k > 1. Then / sin?* z dx =
0

/2 2 +1 [™/2 2k+1 1-3-5----- (2k — 1)
2k +1) o g 02" o dp — )
/0 s raw 2k+2/0 e Sk 2 246 (2k)

1-3-5----- 2k —1)(2k+1) =
2-4-6----- k) 2k +2) 2

so the formula holds for n = k£ + 1. By induction, the formula holds for all n. > 1.

39. Let u = (ln ﬂL‘)n, d/U = dw = du = n(ln a«:)n—l(dx/x)’ v = 2. By Equatlon 2,
f(lnar)” de = z(Inz)" — fnac(lnm)”*l(dx/x) =z(lnz)" — nf(lnx)nﬂ da.

40. Letu =z",dv=€"dz = du=nz"""dz,v=e". ByEquation2, [z"e" dz =z"e" —n [2" 'e" dx.

41. By repeated applications of the reduction formula in Exercise 39,

[(nz)®dz == (Inz)® -3 [(Inz)? dr = z(Inz)® — 3[z(Inz)? — 2 [(Inz)' dz]

z(lnz)® - 3z(Inz)? + 6[z(lnz)" — 1 [(Inz)° dz]

=z (Inz)® - 3z(lnz)* +6zlnz —6 [1dr =z (Inx)® — 3z(Inz)? + 6zlnz — 62 + C

42. By repeated applications of the reduction formula in Exercise 40,
Jate® du=a'e” —4[2’e" du = z*e” — 4(2e” — 3 [ 2" dx)
=zt — 4a’e” 4+ 12(2%e” — 2[z'e” dx) = ate” — 4a’e” 4 122%e” — 24(z'e” — [2°€” dx)
=gt 43° e 128%™ < 24pe"F 2e” +C Morle¥(at =4s® + 1252 £244%24) +C]
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44,

45,

46.
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Since v(t) > 0 for all ¢, the desired distance is s(t) = fg v(w) dw = fot w?e™" dw.
Firstletu = w”, dv =€ " dw = du=2wdw,v=—e . Thens(t) = [-w’e _w] +2 fo we™ " dw.

NextletU =w,dV =e Ydw = dU =dw,V = —e . Then
s(t) = —t?et + 2([—’11}6_“)]3 + fote_w dw) =t + 2(—te_t +0+ [—e_w]g)
=—tPe 4 2(—tet—e 4 1) = et —2et — 207 +2=2— e (t* + 2t + 2) meters
The rocket will have height H = f t) dt after 60 seconds.

60 B 60 60
H:/ [—gt—veln<m Tt):| dt:—g[%t2]go—ve|:/ ln(m—rt)dt—/ lnmdt]
0 m 0 0

—9g(1800) + ve(Inm)(60) — ve 060 In(m — rt) dt

1
m —rt

* d 1 oLty 1 v m g
/o n(m — rt) t—{t n(m—rt)}o + i t =60 n(m—607")—|—/0 <_1+m—7’t) t

Letu =In(m —rt),dv=dt = du= (—=r)dt,v =t. Then

60
= 601In(m — 60r) + [—t - % In(m — rt)} = 601In(m — 60r) — 60 — % In(m — 60r) + % Inm
0

So H = —1800g + 60v. Inm — 60ve In(m — 60r) 4+ 60v. + 2 e In(m — 60r) — 2 pe Inm. Substituting g = 9.8,
T r

m = 30,000, r = 160, and v. = 3000 gives us H =~ 14,844 m.
For I = [laf"(z)dz,letu =z, dv = f'(z)dz = du=dz,v= f(z). Then

I_[:cf ] f1 x)ydr=4f'4)—1-f' () - [f4) - f(D)]=4-3-1-5—(7—2)=12—-5—-5=2,
We used the fact that f” is continuous to guarantee that I exists.

(a) Take g(x) = z and ¢'(x) = 1 in Equation 1.

(b) By part (a), [* f(z)dz = bf(b) — a f(a) — f; x f'(z) dz. Now lety = f(z), so thatz = g(y) and dy = f'(z) dz.

Then ff z fl(z)de = [ f((:)) g(y) dy. The result follows.

(c) Part (b) says that the area of region ABF'C' is
_ f(b)
- b.f(b) - a.f(a) - f f(a) g
= (area of rectangle OBF'E) — (area of rectangle OACD) — (area of region DC’FE)

y
graph of g
E
1) / F
graph of f
fla) [P—C
: A B
o a b x
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(d) We have f(z) = Inx, so f~*(x) = e, and since g = f~*, we have g(y) = €. By part (b),

e Ine 1
/lnxdﬂczelne—llnl—/ eydy:e—/eydyze—[ey];:e—(e—l)zl.
1 1 0

nl

47. Suppose f(0) = g(0) = 0 and letu = f(z),dv = ¢"(z)dr = du= f'(z)dz,v =g (z).

Then [i' f(z) ¢" (x) dx = [f(m ] — [5 () g'(z)de = f(a)g'(a) — [ x) d.
Now let U = f'(z),dV = ¢'(z)dz = dU = f"(z)dzand V = g(z), so
Jy @) g @) de = [f' @) g(x)] = [y (@) g(a) dz = f'(a) gla) = [;' f"(x) g(x) de.

Combining the two results, we get [ f(x) g" (x) dz = f(a) ¢'(a) — f'(a) g(a) + [ " () g(z) da.

48. (a) We note that for0 <z < 7,0 <sinz < 1, so sin?"2 z < sin®"*! 2z < sin®" . So by the second Comparison Property

of the Integral, Iop42 < Iop41 < Iop.

(b) Substituting directly into the result from Exercise 38, we get

1-3-5-----2(n+1)=1] =«
Lonyz  2-4-6--.-. 2(n+1)] 2 2(n+1)—1 2n+1
I, = 1-3-5---.. 2n—1)7  2(n+1)  2n+2

246 (2n) 9

Iopy2 < Ioni1 < IZ_n
IQn - IZn IQn

(c) We divide the result from part (a) by I2,,. The inequalities are preserved since Is,, is positive:

n+1 < I2n11

. 2 1 . 2
Now from part (b), the left term is equal to 22—1_2, so the expression becomes M2 = I < 1. Now
2 1 Ian,
ntl_ lim 1 =1, so by the Squeeze Theorem, lim 2ntl .
n—oo 2N+ 2  n—oo n—oo  Iop

(d) We substitute the results from Exercises 37 and 38 into the result from part (c):

L= lim Lni1 _ - 357 (2n+1) _ -~ 2.4-6----- (2n) ]{ 2. 4-6G----- (2n) <2)}
nvoo Ion  mveo 135 @n—1)7 noe|3:5.7 - 2n+1)||1-3:5----- @n—1)\ =
2.4-6-----(2n) 2
— lim 2 . 2 . é . é . E . § PP 2—n . 2—n . 2 [rearrange terms]
n-ool 3 3 5 5 7 2n—1 2n+1 =

(e) The area of the kth rectangle is k. At the 2nth step, the area is increased from 2n — 1 to 2n by multiplying the width by

- . . 2 1
2—711, and at the (2n + 1)th step, the area is increased from 2n to 2n + 1 by multiplying the height by nt . These
n—
two steps multiply the ratio of width to height b 2n and ! __n respectively. So, by part (d), the
P Py Y o 1 M 2nr 1)/n) ~ 2n 1 | CPECHVE: 20, BY partia),

L .. 2 2 4 4 6 6 T
limiting ratiois —- - - = - —-— - = ---- = —.

—
w
w
ot
ot
N
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